A strong edge colouring of a graph is an assignment of colours to the edges of the graph such that for every colour, the set of edges that are given that colour form an induced matching in the graph. The strong chromatic index of a graph G, denoted by χ ′ s (G), is the minimum number of colours needed in any strong edge colouring of G. A graph is said to be chordless if there is no cycle in the graph that has a chord. Faudree, Gyárfás, Schelp and Tuza [The Strong Chromatic Index of Graphs, Ars Combin., 29B (1990), pp. 205-211] considered a particular subclass of chordless graphs, namely the class of graphs in which all the cycle lengths are multiples of four, and asked whether the strong chromatic index of these graphs can be bounded by a linear function of the maximum degree. Chang and Narayanan [Strong Chromatic Index of 2-degenerate Graphs, J. Graph Theory, to appear, doi:10.1002/jgt.21646] answered this question in the affirmative by proving that if G is a chordless graph with maximum degree ∆, then χ ′ s (G) ≤ 8∆ − 6. We improve this result by showing that for every chordless graph G with maximum degree ∆, χ ′ s (G) ≤ 3∆ + 3. This bound is tight upto to an additive constant.
Introduction
A set of edges M of a graph G is said to be a matching in G if there are no two edges that share an end-point in M . The set M is said to be an induced matching in G if M is a matching in G and no two end-points that belong to different edges of M are adjacent in G.
A strong edge colouring of a graph is an assignment of colours to the edges of the graph such that for every colour, the set of edges that are given that colour form an induced matching in the graph. It can also be defined to be a colouring of the edges of a graph such that every path in the graph uses three colours. The strong chromatic index of a graph G, denoted by χ ′ s (G), is the minimum number of colours needed in any strong edge colouring of G. The concept of strong edge coloring was introduced by Fouquet and Jolivet [7] . Erdös and Nešetřil [5] conjectured that for a graph G with maximum degree ∆, χ 2 . The strong chromatic index of many special classes of graphs has also been studied. Faudree, Gyárfás, Schelp and Tuza [6] proved that when G is a graph in which all cycle lengths are multiples of four, χ ′ s (G) ≤ ∆ 2 . They asked whether this result can be improved to a linear function of the maximum degree. Brualdi and Quinn [1] improved the upper bound to χ ′ s (G) ≤ αβ for such graphs, where α and β are the maximum degrees of the two partite sets in the graph (note that the graph is bipartite). Nakprasit [9] proved that if G is any bipartite graph and the maximum degree of one partite set is at most 2, then χ ′ s (G) ≤ 2∆. A graph is said to be chordless if there is no cycle in the graph that has a chord. Let G be any graph such that all its cycle lengths are multiples of some fixed integer t ≥ 3. Then it can easily be seen that the graph G has to be chordless. Thus chordless graphs are a superclass of the class of graphs in which all the cycle lengths are multiples of four. Chang and Narayanan [2] proved that if G is a chordless graph with maximum degree ∆, then χ ′ s (G) ≤ 8∆ − 6, thus answering the question of Faudree et al. [6] . We improve this bound to 3∆ + 3. In particular, we prove the following theorem.
Theorem 1 For any chordless graph G with maximum degree
We also show that this bound is tight upto to an additive constant by constructing chordless graphs G with maximum degree ∆ having χ ′ s (G) ≥ 3∆ − 2.
Preliminaries
All the graphs considered in this paper are finite, simple and undirected. Given a graph G, we denote its vertex set by V (G) and its edge set by E(G). We use the notation |G| to denote |V (G)| and ||G|| to denote |E(G)|. We say that H is a non-trivial subgraph of G if H is a subgraph of G and |H| ≥ 2. Given X ⊆ V (G), we denote by G[X] the subgraph induced in G by X. We use the notation G − X to denote the graph G[V (G) \ X]. We often shorten G − {u} to G − u. If e ∈ E(G), then we let G − e denote the graph with vertex set V (G) and edge set E(G) \ {e}. The degree of a vertex u in G is denoted by d G (u).
A path P in G with
, a path P is said to be between X and Y if it is between a vertex in X and a vertex in
A graph G is said to be k-connected, if there is no set of vertices X ⊆ V (G) such that G − X is disconnected and |X| < k.
Given a graph G, a subgraph H of G is said to be a block of G if H is 2-connected and there is no subgraph H ′ of G such that H ′ is 2-connected and H is a subgraph of H ′ . Notice that a graph with two vertices and a single edge between them is considered to be 2-connected. Therefore, every edge in a graph forms a 2-connected subgraph of it. We use the following version of Menger's Theorem [3] for local 2-connectivity in graphs. Proposition 1. Let G be a graph with |G| > 2 and a, b ∈ V (G) be two vertices such that ab / ∈ E(G). Then there is no cycle in G that contains both a and b if and only if there exists a vertex x ∈ V (G) such that a and b are in different components of G − x.
For any notation that has not been defined here, please refer [3] . Now, we shall introduce some notation for the purposes of this paper.
Let G be any graph and let M denote a matching (not necessarily induced) in G. We denote by G[M ] the graph induced in G by the endpoints of the edges in M . We denote by G M the graph obtained from G[M ] by contracting each edge e ∈ M to a vertex labelled v e and removing all the parallel edges that result from this process. Proof. Let f : E(G) → {1, 2, . . . , ∆ + 1} be a proper edge colouring of G that is guaranteed to exist by Vizing's Theorem [3] . For every i ∈ {1, 2, . . . , ∆ + 1}, let E i denote the set of edges of G that received the colour i. Clearly, for each i, E i is a matching in G. We know that the graph G Ei can be vertex coloured with k colours. For e ∈ E(G), let g(e) be the colour given to v e in the proper k-vertex colouring of G E f (e) . We define a new colouring h of the edges of G as follows. For every edge e ∈ E(G), we let h(e) = (f (e), g(e)). Consider any two edges ab, cd ∈ E(G). Suppose h(ab) = h(cd) = (i, j), then it implies that v ab , v cd ∈ V (G Ei ) and that v ab and v cd got the same colour j in the proper k-vertex colouring of G Ei . As this means that v ab and v cd are nonadjacent in G Ei , it follows that there is no edge in G between {a, b} and {c, d}. Therefore h is a strong edge colouring of G. Since h uses at most k(∆ + 1) colours, it follows that χ ′ s (G) ≤ k(∆ + 1).
Proof of Theorem 1
Let G be any graph and let M be a matching in it. We now define a colouring of the edges of G M using two colours.
Colouring the edges of G M : We colour each edge of G M either red or blue as follows. The edge v ab v cd in G M is coloured with red if there exist {{p, q}, {r, s}} = {{a, b}, {c, d}} such that
Otherwise, the edge is coloured blue.
From here onwards, whenever we consider a graph G M , where G is a graph and M is a matching in G, we shall assume G M to have an implicit colouring of its edges as described above.
Lemma 2 Let G be a graph and M be a matching in it. If H is a subgraph of G M that contains only red edges, then ||H|| ≤ |H|.

Proof.
Consider an edge e = v ab v cd ∈ E(H). Since we coloured that edge red in G M , we know that there exist {{p, q}, {r, s}} = {{a, b}, {c, d}} such that
Define f (e) = p and g(e) = v pq . Notice that g is a function that maps every red edge in H to one of its endpoints. This also means that for any edge e ∈ E(H), g(e) ∈ V (H). Now to prove that ||H|| ≤ |H| it suffices to prove that g is injective. We shall prove this as follows. Suppose there exist two edges e 1 , e 2 ∈ E(H) such that g(e 1 ) = g(e 2 ) = v pq . Let e 1 = v pq v ab and e 2 = v pq v cd . Let us assume without loss of generality that f (e 1 ) = p. This implies that
, which is a contradiction. Therefore, we have f (e 2 ) = p. But this would mean that in G, the neighbourhood of p contains a vertex in {a, b}, a vertex in {c, d} and q. This gives us d G[M] (p) ≥ 3, which is a contradiction to our assumption that f (e 1 ) = p. Therefore, g is injective.
Lemma 3 Let G be any graph and M be a matching in it. If H is a nonempty subgraph of G M that contains only red edges, then either H contains at least three vertices of degree at most 2 or H is a single edge.
Proof. We shall first prove this lemma for the case when there are no degree 0 vertices in H. Suppose there does not exist three vertices of degree at most 2 in H. Let X denote the set of vertices of H that have degree at most 2. Since every vertex in X has degree at least one in H, ||H|| ≥ (3(|H| − |X|) + |X|)/2. Combined with Lemma 2, this gives |H| ≥ ||H|| ≥ (3(|H| − |X|) + |X|)/2, which implies that |H| ≤ 2|X|. As |X| ≤ 2, we have |H| ≤ 4. If |H| = 4, then since |X| ≤ 2, we have at least two vertices of degree 3 in H, which are in fact two vertices that are adjacent to every other vertex of H. But this would mean that ||H|| ≥ 5, which is a contradiction. If |H| = 3, then it cannot have a vertex of degree 3 and therefore |X| = |H| = 3, which is again a contradiction. Therefore, it has to be the case that |H| = 2, or, in other words, H is a single edge. Now let us consider the case when H contains degree 0 vertices. Let H ′ be the graph resulting from the removal of all degree 0 vertices from H. By the argument above, either there exist three vertices of degree at most 2 in H ′ or H ′ is a single edge. In the former case, the three vertices of degree at most 2 in H ′ are also three vertices of degree at most 2 in H. In the latter case, the two vertices of H ′ and any vertex of degree 0 in H together gives three vertices of degree at most 2 in H.
Property P Let G be a graph and M a matching in it. (G, M ) is said to satisfy property P if:
, there is no cycle in G − ab that contains both a and b (i.e., ab is not a chord of a cycle in G).
Observation 3. Let G be a graph and M a matching in it such that (G, M ) satisfies the property P. Let
Lemma 4 Let G be a graph and M a matching in it such that (G, M ) satisfies the property P. Let e ∈ E(G M ) be an edge coloured blue. Then,
Proof. Let e = v ab v cd . Suppose that the graph G ′ M is 2-connected. Let rs be any edge between {a, b} and {c, d} in G (r ∈ {a, b} and s ∈ {c, d}). Let G ′ = G − rs. Since (G, Let H be a graph that is not 2-connected. A block B of H is said to be a leafblock of H if B contains exactly one cutvertex of H. Note that leafblocks correspond to the leaves of the block graph of H [3] . The following propositions are easy to prove. The interested reader may refer to the appendix for their proofs. Proposition 2. If G is 2-connected and e is an edge in G such that G − e is not 2-connected, then:
(i) the endpoints of e are not cutvertices of G − e,
(ii) the endpoints of e are not contained in any cycle of G − e, and (iii) except for the case when G is a single edge, G − e has exactly two leafblocks that contain one end-point each of e.
Proposition 3. Let G be a graph that is connected, but not 2-connected. Let B 1 , B 2 , . . . , B k be some leafblocks of G and let u 1 , u 2 , . . . , u k denote the respective cutvertices of G that are in these leafblocks.
Corollary 1 Let G be any graph and M a matching in it such that (G, M ) satisfies the property P. Let e ∈ E(G M ) be an edge coloured blue in G M and let H be a 2-connected subgraph of G M such that e ∈ E(H).
Then, H − e is not 2-connected.
Proof. We know by Lemma 4 that G M − e is not 2-connected. From Proposition 2(ii), we know that there is no cycle in G M − e that contains both the endpoints of e. This implies that there is no 2-connected subgraph in G M − e that contains both the endpoints of e. Therefore H − e cannot be 2-connected.
Proposition 4.
If G is 2-connected and x, y, z ∈ V (G) with y = z, then in G, there exist a path P 1 from x to y and a path P 2 from x to z such that V (P 1 ) ∩ V (P 2 ) = {x}.
Lemma 5 Let G be any graph and M be a matching in it such that (G, M ) satisfies the property P. Let H be any 2-connected subgraph of G M that is not a single edge. Then:
If e ∈ E(H) is any edge coloured blue in G M , then H −e is not 2-connected, it has exactly two leafblocks and each of the two leafblocks contains a vertex with degree at most 2 in H that is not a cutvertex of
H − e.
If there are no blue edges in H, then there exist three vertices of degree at most 2 in H.
Proof. We shall prove this by induction on the number of blue edges in H. If there are no blue edges, then by Lemma 3, we know that there are three vertices of degree at most 2 in H. We shall therefore assume that H contains at least one blue edge, say e. Let e = ab. As (G, M ) satisfies the property P, we know by Corollary 1 that H − e is not 2-connected. By Proposition 2(iii), H − e has exactly two leafblocks, which we shall call A and B. Let a ′ denote the cutvertex of H − e that is in A and b ′ denote the cutvertex of H − e that is in B. By Propositions 2(iii) and 2(i), we can assume without loss of generality that a ∈ V (A) \ {a ′ } and b ∈ V (B) \ {b ′ }. We shall now show that there exists a vertex in A with degree 2 in H that is not a ′ . The same arguments can be used to show that there exists a vertex in B with degree 2 in H that is not b ′ . Let us consider the block A. If A is a single edge, then since a = a ′ , a is a degree 1 vertex in H − e and therefore a degree 2 vertex in H. So, we have a vertex in A with degree 2 in H that is not a ′ . Suppose A is not a single edge. If every edge in A is coloured red, then by Lemma 3, we know that there exists X ⊆ V (A) with |X| = 3 such that every vertex in X has degree at most 2 in A. We therefore have X \ {a, a ′ } = ∅. Let z ∈ X \ {a, a ′ }. Then z has degree 2 in H − e and also in H. Thus, we again have a vertex of the required kind.
Suppose A contains a blue edge, say e ′ = xy. Since A is a 2-connected subgraph of G M that is not a single edge and which contains fewer number of blue edges than H, we can assume by the induction hypothesis that A − e ′ is not 2-connected, it has exactly two leafblocks and that each of these two leafblocks contain a vertex with degree 2 in A that is not a cutvertex of A − e ′ . By Proposition 2(iii), we know that x and y are in different leafblocks of A − e ′ . Let the leafblock of A − e ′ containing x be X and the leafblock of A − e ′ containing y be Y . Also, let x ′ denote the cutvertex of A − e ′ in X and let y ′ denote the cutvertex of A − e ′ in Y . Note that by Proposition 2(i), we have x = x ′ and y = y ′ . Let the two vertices in A − e ′ with degree 2 in A that are guaranteed to exist by the induction hypothesis be u ∈ V (X) \ {x ′ } and w ∈ V (Y ) \ {y ′ }. The proof will be completed if we show that {u, w} = {a, a ′ } (this is because every vertex in A other than a and a ′ has the same degree in both A and H). For this purpose, we shall show that it is not possible that one of a, a ′ is in V (X) \ {x ′ } and the other in V (Y ) \ {y ′ }. Note that once we show this, it follows that {u, w} = {a, a ′ } as we already know that u ∈ V (X) \ {x ′ } and w ∈ V (Y ) \ {y ′ }. Suppose for the sake of contradiction that one of a, a ′ is in V (X) \ {x ′ } and the other in V (Y ) \ {y ′ }. We shall assume without loss of generality that a ∈ V (X) \ {x ′ } and a ′ ∈ V (Y ) \ {y ′ }. By Proposition 4, we know that there exist paths P xa from x to a and P xx ′ from x to x ′ in X such that P xa and P xx ′ do not meet in any vertex other than x. Similarly, there exist paths P ya ′ from y to a ′ and P yy ′ from y to y ′ in Y such that P ya ′ and P yy ′ do not meet at any vertex other than y. By Proposition 3, we know that
is also connected (note that A − e ′ is connected, as A is not a single edge). Therefore, there is a path
single edge as it has a 2-connected subgraph H that is not a single edge and therefore, G M − e is connected). Now, since ab ∈ E(G M ), we have a cycle
where P y ′ y and P ax denote the reversals of the paths P yy ′ and P xa respectively. But this is a cycle containing x and y in G M − e ′ . As e ′ was a blue edge in G M , by Lemma 4, we know that G M − e ′ is not 2-connected and by Proposition 2(ii), we know that there cannot be a cycle in G M − e ′ that contains both x and y. Thus, we have a contradiction.
Proposition 5. Let G be any graph such that every 2-connected subgraph of G contains at least two vertices of degree at most 2. Then, every non-trivial subgraph of G contains at least two vertices with degree at most 2. 
′ ) also satisfies the property P. If G M ′ is a single edge, then clearly, it contains two vertices with degree at most 2. If G M ′ is not a single edge, it follows from Lemma 5 that G M ′ contains at least two vertices with degree at most 2. This shows that every 2-connected induced subgraph, and therefore every 2-connected subgraph, of G M contains at least two vertices with degree at most 2. Now, from Proposition 5, we know that every non-trivial subgraph of G M contains at least two vertices with degree at most 2. 
If ab ∈ E(G) and G − ab contains a cycle that contains both a and b, then clearly, ab was a chord of that cycle in G. But this is a contradiction as we know that G is chordless. Therefore, (G, M ′ ) satisfies the property P. Now, from Theorem 2, we know that G M ′ contains at least two vertices with degree at most 2. Thus, any 2-connected induced subgraph of G M contains at least two vertices with degree at most 2 implying that every 2-connected subgraph contains at least two vertices with degree at most 2. Now, from Proposition 5, it is clear that every non-trivial subgraph of G M contains at least two vertices of degree at most 2.
Corollary 3 If G is a chordless graph and M a matching in it, then G M is 2-degenerate and therefore 3-colourable.
The statement of Theorem 1 follows directly from Corollary 3 and Lemma 1.
Tightness: Consider the graph shown in Figure 1 . The vertices a, b and c in the graph have degree ∆. It can be easily verified every edge will have to be given a different colour in any strong edge colouring of this graph. Since the number of edges in this graph is 3∆ − 2, the strong chromatic index of this graph is 3∆ − 2. It can also be seen that any chordless graph G with maximum degree ∆ that contains this graph as a subgraph will have χ 
Conclusion
A graph is minimally 2-connected if it is 2-vertex-connected and the removal of any edge from the graph makes its vertex connectivity less than two. They are also exactly the 2-connected graphs that are also chordless [4] . Theorem 1 therefore implies the following corollary. Notice that the graph in Figure 1 is not 2-connected. It can be asked whether for minimally 2-connected graphs, the upper bound given by Theorem 1 can be improved. We pose this as an open question.
Question. Can an upper bound of the form 2∆ + c, where c is some constant, be found for the strong chromatic index of minimally 2-connected graphs?
If H is not connected, then consider the largest connected component H ′ of H. If |V (H ′ )| = 1, then every component of H consists of a single vertex. Since H has at least two connected components, and because the vertices that make up each of these components are vertices with degree 0 in H, any two of these vertices are two vertices with degree at most 2 in H. If |V (H ′ )| > 1, then continue the argument setting H = H ′ (as H ′ is connected) to find two vertices with degree at most 2 in H ′ , and these will also have degree at most 2 in H.
If H is 2-connected, then the statement of the proposition already tells us that H contains at least two vertices of degree at most 2. If H is connected and not 2-connected, then we know by (1) that H contains at least two leafblocks, say B 1 and B 2 (recall that H is non-trivial). Let us consider B 1 . Since B 1 is a 2-connected subgraph of G, we know that it contains at least two vertices of degree at most 2. As at most one of these vertices could be the cutvertex of H in B 1 , we can always choose a vertex u from these two vertices such that u is not a cutvertex of H. Clearly, every neighbour of u in H is in B 1 , which implies that d H (u) = d B1 (u) = 2. We can similarly find a vertex of degree at most 2 in H in B 2 , and it is clear that this vertex will be distinct from u. We have thus shown that there exist two vertices of degree at most 2 in H.
